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1. INTR~DUC-~I~N 
The theorem of P. Erdos, C. Ko, and R. Rado, [2], referred to in the title is: 
THEOREM 1. Given a collection A = {Al , As ,..., A,J of subsets of an 
N eIement set with Ai n Aj # %, Ai $ Aj, (i # j), 1 Ai 1 < t < NJ2, then 
Several proofs and extensions of this theorem now appear in the literature; 
see for example G. Katona, [4], and C. Greene, G. Katona, and D. Kleitman, 
r31. 
T. Brown, [l], suggested a variation of Theorem 1 in which the collection A 
of subsets is replaced by a collection of t-tuples of positive integers < N. The 
purpose of this paper it to characterize those extremal collections A of 
t-tuples with the property that every pair of t-tuples in A has at least one 
component in common (Theorems 2 and 3). 
2. NOTATION AND TERMINOLOGY 
Let N, t, and k denote positive integers, [1, N] = {I, 2 ,..., N}, and, if Cis a 
set, let C? = {(x1, x2 ,..., xt) 1 xi E C, i E [I, t]}. If x = (x1 , x2 ,..., q) e Ct 
and i 6 [l, t], let +? = (x1 , x2 ,..., xi-l , x~+~ ,..., xJ, i.e. the operator 4 
suppresses the ith component. Let & be the set of all permutations of 
[l, k] and, if u ~5’~ and x = (x1, x2 ,..., xk) e [1, Nlk, let ox = (q,(i) , 
&42) ,*a-, K4kd. 
If Tl and Tz are subsets of [l, NJt we say “Tl is isomorphic to T2” if there 
exists 0 E& such that cTl = {ux 1 x E Tlj = Tz . 
If x, y e [l, Nit, where x = (x1 , x2 ,..., xt) and y = (yl , y2 ,..., yt), we say 
“x is adjacent to y” if xi = yi for some i E [l, t], 
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Suppose A L IJ, N]$ and A $ Ct for C any proper subset of [l, N]. We call 
A a “(t, N)-adjacency set” if for all x, JJ E A, x is adjacent to y. Further, if A 
is a (t, a)-adjacency set and if 1 A 1 > 1 T 1 for all (& N)-adjacency sets T, 
we call A a “maxima1 (f, N)-adjacency set.” It is easy to check that {(I9 
X2 ,..., xt) ] x6 G [I, N], i = 2 ,..., tj is a (& N)-adjacency set and that {(l, 2, 2)9 
6 1, 11, (2, 1, 3, CT 2, 01 axI NL 1, I), U, L 3, (1, 2, 11, (1, 2, 211 m 
non-isomorphic (3, 2)-adjacency sets. From the examples we see that any 
maximal (f, N)-adjacency set must have cardinality at least Nt-l. 
3. MAIN RESULTS 
THEOREM 2. Suppose N # 2. If A is a maximal (t, N)-aGacency set 
then A is isomarphic to {(a, x2 ,..., xJ 1 xi E [l, N], i = 2 ,..., tj for some integer 
a E [l, N]. 
Pro@ We will prove the theorem by induction on f. For f = 1 or N = 1 
the theorem clearly holds, so in the following we will assume t > 1 and 
N 2 3. 
Now, suppose A is a maximal (t> N)-adjacency set. Write A = lJzl Ai , 
where Aj = {x E A 1 x = (j, xz ,..., x& xi E [l, N]$ i = 2,.. ., ij, and let 
Aj” = {x E Aj 1 9 is adjacent to T1 for all y E A}. If x E Ai and there exists 
some y E Aj , j + i, such that 9 = y1 then 9 is adjacent to 9, for all z E A. 
Hence x E AiG. Furthermore, for any x = (xi , x2 ,..., x$) E AiG, x is adjacent 
to every y E A, and so {(m, x2 ,..., xt) 1 m G [l, m G A by the maximality of A. 
It follows9 therefore, that if +v, z E T = ~~l(A~\Afq) then 69 + .+~l. 
We now separate the proof into two cases according to whether T = A or 
T + A. 
Case I. T = A. We now partition A according to second components. 
Write A=&Cj, where Cj~~x~Alx~(x~,j,x~,...,x~)~, and iet 
Cju = {x E Cj 1 P is adjacent to yz for all y E Cj} and T’ = uE1(Ci\(Yia). 
Note that if x, y E T’, x # y, then 9 # y2 since A is a (f, N)-adjacency set. 
If T’ # A we may replace A by an isomorphic set (under the permutation 
(12) E &) and proceed to case 2. We claim that T’ # A must hold, for 
supposeT’=A,Then~TJ=lT’~>N~-1andifx,y~T=T’,x#y,we 
have ~9 =# y1 and Z2 # fz. Consequently, for each (G~ , a2’,..., ateI) E [I, N]$-l, 
there exist unique a0 , 0; E [l, N] such that (o* , a1 5 a2 ,..., a&l, (a1 , a; 5 
a2 ,-*., at-J E A. Suppose, now, (cl , c9 ,..., CJ E A. For each (& , & ,..., &) E 
[l, N-it-l such that b6 + c~, i == 2 ,..., & we must have (+ , bz, bS ,..., bJ E A 
because A is a (t, N)-adjacency set. Thus, we have a contradiction since 
(N - 1)*-l > 1. 
Case 2, T + A. For each fixed j, 1 <j < f, we may partition T in the 
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manner T = uLl Tp) where TF’ = {x = (xl , x2 ,..., xt) E T / xj = i}. By 
the Dirichlet box principle, for each j E ]I, t] there exists i = z(j) E [l, N] 
such that 1 TJj) 1 2 J T l/N. If for some j 2 2 and some i = i(j) E [I, NJ 
we have 1 Tjj) 1 > 1 T i/N, then the set 
A’ = c & u {(m, x2 ,..., q) 1 nz E [I, N] and 
f=l 
(x2 ,*-., xt) = 2 for some x E 7+) % 
is a (& N)-adjacency set with 1 A’ 1 > ] A 1, contrary to the maximality of A. 
Thus 
1 T;) 1 z=z $ for all i G [1 , N] and j = 2 ,..., L 
Recall that if x = (q , x2 ,..., XJ E &* then {(m, x2 ,..., x~) 1 m E [I, N]j C 
LI. It follows that {P 1 x G &I = {9 1 x E AIu} for i +s [1, NJ Now, set 
for ic [l, NJ and j = 2,..., t. Then &‘f) is a (t - 1, N)-adjacency set with 
1 &p) 1 = 1 Ala 1 + 1 T i/N > Nt-2. By the induction hypothesis, it follows 
that &‘y) is a maximal (t - 1, N)-adjacency set and there exist integers 
A@, j) E [I, t - 1] and u(i,j) E [l, N] such that if x E&Y), the A(i, j)-th 
component of x is a&j). Furthermore, since there are N(t - I) numbers 
A(i, j), at least Nof these must have a common value, say A(& , jI) = A(i2,j2) = 
-** = A(&, jN) = A, where (iv , jF) # (is , js) for r + .r. Also, a(iI ,jI) = 
u(& , j2) = -.* = cz(iN, jN) = u, say, since &y) 2 {9 1 x E ufzI ktka} # G for 
ig [I, Nl andj = 2,..., 
&y8J then xZY~) u J&‘~ 
t. If there exist distinct integers r, s for which &p) # 
(js) is a (t - 1, N)-adjacency set (since the M-r component 
of each element is a) o? cardinality > 1 ,@‘jjr) 1, contradicting the maximality of 
the J@. Thus, it must be the case that G’~; - ’ 0 ’ - tip’ a& hence Tel = Ti: 
for Y, s E [l, N]. 
If /{jP 1 I* G [I, N]j\ < N, there exist distinct integers l, m E [I, NJ for which 
jz=jm and iz#im, but then ‘&(:F) = Tym) cannot hold unless 1 T 1 = 
N 1 TjfJ 1 = 0. In this case, A = UszI Ap kd the A + l-th component of 
each element of A is a. Furthermore, since 1 A 1 > Nt-l, A is isomorphic 
(under the permutation (l> + 1) ~5’~) to the set {(a, x2 ,..., xc) 1 X~ G [l, NJ, 
i = 2,..., t}. 
Suppose /{j? 1 r E [1, N]j/ = N. Then, since 7’3) = Tp for r, s E [l, NJ, 
we have 1 T 1 = N 1 T!jr) 1 < N*NteN 
j = 2,..., t)J then 1 ULI sia 1 < iV+. 
Also, 
Thus 
if m = /{A(i, j) 1 i E [I, N], 
1 A 1 < Nt+ + Nt-N+l, which 
contradicts 1 A 1 > N*-l if m > 2 and N > 3. It follows that m = 1, Tp) = 
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TA’) for if k E [l, NJ and j, 1 = 2 ,..., t, and hence T = ~3. Again, we see that 
A must be isomorphic to the set {(a, x8 ,..., xi) 1 xi E [1, H], i = 2 ,..., t)* 
We wiH now characterize the maximal (f, 2)-adjacency sets. If 
x = (Xl , x2 ,..., xi) E [l, 21t, let xc = (& , & ,..., et) where 
if xi = 2 
if xi = 1 
for ifz [I, t]. 
THEOICEM 3. Sappose A is a maximal (t, 2)-a&acency set. Theta / A 1 = IF1 
andx~Az~andonlyz~xc$Aforalix~[l, 2]*. 
ProoJ If A is a (t, 2)-adjacency set then x E A requires 9 $ A. Also, if 
x, y E [l, 21t and y # xc then x is adjticent to JJ. Maximality then requires 
that either x E A or xc E A for all x E [l, 2]$. 
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